This paper is tightly connected with the book [25] . Since this book had not been translated from Russian into English we give here the brief review of the basic definitions and results from [25] . We prove also new results of the same spirit. They are related to dimension subgroups, varieties of representations of groups and varieties of associative algebras. The main emphasis is put on the varieties of representations of groups induced by the varieties of associative algebras. We provide the reader with the list of some open problems.
Introduction
It is well known that there are close connections between varieties of groups and varieties of representations of groups, between varieties of algebras and varieties of representations of algebras. The main goal of this paper is to consider some relations between varieties of representations of groups and varieties of associative algebras. In particular, we consider polynomial varieties of representations of groups which are related to varieties of associative algebras.
The set of all varieties of representations of groups is a free semigroup under multiplication of varieties [24] . All polynomial varieties of representations of groups form a subsemigroup in this semigroup. So we come up with the problem: is the semigroup of all polynomial varieties of representations of groups free? To solve this problem we are looking for some examples of polynomial and non-polynomial varieties. For instance, the variety generated by the representation (K n , T n (K)) is a polynomial variety, while the variety generated by the representation (K n , U T n (K)), is a non-polynomial variety. Here K is a field, T n (K) is the group of triangular matrices and U T n (K) is the group of unitriangular matrices over K which act naturally on the space K n . The other our interest is concerned with dimension subgroup. There exist a lot of problems around classical dimension subgroups (see [7] , [15] , [16] , [19] , [26] and references therein). We define a concept of the dimension subgroup for varieties of representations of groups. Here we consider the dimension subgroup of a group G as the intersection of kernels of all representations of the group G in the given variety of representations of groups. In particular, we especially distinguish the case of polynomial varieties of representations of groups. We also give a concept of the dimension subgroup for varieties of associative algebras, and consider some problems concerning these subgroups.
A few words about the structure of the paper. In Section 2 we give basic definitions: we define the category Rep-K which is the category of all representations of groups over a fixed ring K; the variety Rep-K, and consider some operations on the varieties, in particular, triangular product of varieties of representations of groups. In Section 3 we recall known results about varieties of representations of algebras and varieties of algebras from the book [25] . Some of these results which are very important for us we give with the proofs. In Section 4 we study relations between varieties of representations of groups and varieties of associative algebras. Here we deal with the following problem: to find connection between interesting varieties of representations of groups and some well-known varieties of associative algebras. In the last section we give concepts of the dimension subgroup for variety of representations of groups and variety of associative algebras, and compare two approaches to the notion of the dimension subgroup.
2 Varieties of representations of groups. General view 2.1 Category and variety Rep-K 1.1.1 Category Rep-K. Let K be a commutative and associative ring with unit. Consider pairs (V, G) where V is a K-module and G is a group acting on the module V . In other words, for each (V, G) there is a function from V × G to V defined by (v, g) → v • g satisfying the following conditions:
2. v 1 • 1 = v 1 , where 1 is the unit of the group G;
where v 1 , v 2 ∈ V , g 1 , g 2 ∈ G, λ ∈ K. The pair (V, G) can be viewed as twosorted algebra-representation over the ring K (for terminology see books [20] , [25] ).
On the other hand, if we have a group G acting on a K-module V then there is a representation ρ : G → Aut V of the group G in the K-module V defined as follows g ρ (v) = v • g, where g ∈ G, v ∈ V , g ρ is the image of g under the homomorphism ρ.
Let (V, G) be a representation. Then V can be viewed as a G-module. Moreover, since the group G acts on the K-module V then the group algebra KG also acts on V and, consequently, V is a KG-module.
The class of all pairs (V, G) over a fixed ring K forms the category Rep-K. Objects of this category are representations (V, G), morphisms are homomorphisms µ = (α, β) of representations defined as follows:
Definition 2.1 A homomorphism of a representation (V 1 , G 1 ) to a representation (V 2 , G 2 ) is a pair of homomorphisms
where α : V 1 → V 2 is a homomorphism of K-modules, β : G 1 → G 2 is a homomorphism of groups and the following condition holds
Definition 2.2 A representation (U, H) is a subrepresentation of a representation (V, G) if H is a subgroup of the group G, U is a K-submodule of V and the restriction of the action G on V coincides with the action H on U .
Along with the subrepresentations we consider a concept of overrepresentation. The defined below induced representations is a particular case of this concept.
Let H be a subgroup of a group G, and let (U, H) be a representation of the group H. Consider the following category: objects of this category are Hhomomorphisms ϕ : U → V of the H-module U to G-modules V , morphisms of an object ϕ 1 : U → V 1 to an object ϕ 2 : U → V 2 are G-homomorphisms ψ : V 1 → V 2 subject to the following commutative diagram¨¨B
Let τ : U → V be an initial object of this category. A representation (V, G) is called induced by the representation (U, H) with the given embedding of the group H to the group G. Note that U is a right KH-module and KG is a left KG-module. Then we can consider the module V = U ⊗ KH KG and the representation (V, G) is the representation induced by the representation (U, H).
There are products and coproducts of objects in the category Rep-K [11] .
Cartesian product of the groups G i and for all v ∈ V and all g ∈ G we have
The Cartesian product (V, G) is a product of the objects (V i , G i ) in the category Rep-K.
The free product (V, G) is a coproduct of the objects (V i , G i ) in the category Rep-K.
Now we describe a free objects in the category Rep-K. Let (V, G) be an arbitrary representation. Let Y be a subset of G and let X be a subset of V . We say that the pair of the sets {X, Y } generates the representation (V, G) if the group G is generated by the set Y and the module V is generated by the set X as KG-module. 
Variety Rep-K.
Along with the category Rep-K we consider variety of representations of groups Rep-K. This variety consists of all twosorted algebras-representations. Identities of the variety Rep-K are identities of groups, identities of K-modules and identities of action written earlier.
Describe the free representations in the variety Rep-K. Let {X, Y } be a pair of sets. Let F = F (Y ) be the free group over the set Y , W = W (X, Y ) be the free KF -module over the set X. Moreover, we have
and each element w ∈ W have the form:
where u i = u i (y 1 , . . . , y m ) ∈ KF , x i ∈ X. Define an action of the group F on the module W as follows:
where w ∈ W, f ∈ F, u i f ∈ KF . Definition 2.6 A representation (W, F ) with the action w • f above is the free representation over {X, Y }.
So, we can speak about two types of identities of representations:
w ≡ 0 is an identity of action, w ∈ W (X, Y ), and f ≡ 1 is a group identity, f ∈ F.
In fact we will consider only identities of the action. Moreover, it is sufficient to consider identities of the form
Let F be a free group of countable rank with free generators y 1 , y 2 , . . ., and let KF be a group algebra of F . Let u(y 1 , . . . , y n ) be an element of KF .
Definition 2.7 We say that a representation
Consider some examples of identities of representations of groups.
Examples. 
such that the group G acts trivially on the factors. The representation (K n , U T n (K)) satisfies this identity. Here U T n (K) is the group of unitriangular matrices over a field K, and this group acts in a natural way on the module K n .
3. Let (V, G) be a finite dimension representation over a field K and let n = dim V . It is known that the algebra EndV satisfies the standard identity of Amitzur-Levitzky of the degree 2n, that is
where S 2n is the symmetric group. So all finite dimension representations possess non-trivial identities.
Varieties of representations as subvarieties of the Rep-K
In this part of the paper we will speak about varieties of representations which are subvarieties of Rep-K. This means that varieties in question satisfy a system of identities of the form x • u ≡ 0. We suppose that the free group F = F (Y ) is a group of countable rank. Let X be a class of representations from the variety Rep-K. Let I X (KF ) be a set of all u ∈ KF such that the identity x • u ≡ 0 holds in every representation from X. It easy to see that the set I X (KF ) is a two-sided ideal of the group algebra KF which is invariant under all endomorphisms of the group F , i.e., I X (KF ) is a fully invariant ideal of KF . Furthermore there is a one-to-one correspondence between the varieties of representations of groups over K and the fully invariant ideals of KF [25] .
Let X be a class of representations of groups over K. Denote by VarX the variety of representations generated by the class X. Remind that a class of representations of groups X is closed under the saturation if the following condition is true: if a representation (V, H) lies in the class X then all representations (V, G) such that (V, H) is a right epimorphic image of the representation (V, G) also belong to X. 
Algebra of varieties
The operation of the multiplication of varieties is associative. Thus we have a semigroup M = M(K) of varieties of representations of groups.
For example, let S be a variety satisfying the identity x • (y − 1) ≡ 0 and S n be a variety determined by the identity x • (y 1 − 1) . . . (y n − 1) ≡ 0. Then the variety S n is n-th degree of the variety S.
There is the following theorem [24] (see also [25] ):
In the proof of Theorem 2.10 the construction of triangular product of representations is used. Define this structure (see [25] , [29] ). Let (V 1 , G 1 ) and (V 2 , G 2 ) be representations. Define a representation (V, G) as follows
where V = V 1 ⊕ V 2 is the direct sum of the modules and elements of the acting group G are matrices of the form:
where
be elements of the group G. The product of these elements is defined as follows:
The group G acts on the module V by the rule:
Note that the submodule V 1 of the module V is invariant under the action of the group G. Moreover the representation (V 1 , G) has the same identities as the representation (V 1 , G 1 ) and the representation (V /V 1 , G) has the same identities as the representation (V 2 , G 2 ).
Henceforward K is a field. The basic role in the proof of Theorem 2.10 plays the following proposition. 
Let Θ 1 and Θ 2 be varieties of groups. Note that the class Θ 1 Θ 2 is a variety of groups. Let M g be the semigroup of varieties of groups. It is well-known that M g is a free semigroup [18] , [28] . Now we assign an action of the semigroup M g on the semigroup M of varieties of representations of groups.
Let X be a variety of representations of groups and Θ be a variety of groups. Define a class of representations of groups X × Θ as follows:
Note that the class X × Θ forms a variety of representations of groups and there is the following Proposition 2.14 ( [25] ) Let X 1 and X 2 be varieties of representations of groups and let Θ 1 and Θ 2 be varieties of groups. Then
The following theorem is a main theorem of this theory. In particular, this theorem yields the following property: for every variety of representations of groups X there is unique decomposition
where all X i are indecomposable as (X i1 × Θ i1 ).
Example. Let S n be the variety determined by the identity x•(y −1) n ≡ 0. The variety S n is indecomposable.
In the proof of Theorem 2.15 the construction of the wreath product of a representation of a group and a group is used. Let (V, H) be a representation and G be a group. Define
Only in special cases we have the following property: Note that class ωΘ is a variety of representations of groups. It is obvious that ωΘ = S × Θ, where S is the variety of representations satisfying the identity
Let A be a variety of abelian group, A m be a variety of abelian groups of exponent m. Let K be an integral domain and let K * be a multiplicative group of K. Then we have two propositions (see [25] Using the proposition 2.14 we have the following fact:
The variety S n is generated by the representation (K n , U T n (K)) (see [5] ), and the variety S n × A is generated by the representation (K n , T n (K)) ( [10] , see also [25] ). Now define the operator ω ′ from varieties of groups Θ to varieties of representations of groups ω ′ Θ. Let (V, G) be a representation of a group. Consider V as an abelian group and take the semidirect product of groups V ⋋ G. We say that the representation (V, G) belongs to the class ω ′ Θ if V ⋋ G ∈ Θ. The class ω ′ Θ is a variety of representations of groups. Here the symbol ′ is interrelated with the following fact: the identities of the variety ω ′ Θ are given by the special Fox derivatives used in the theory of formal power series [4] . We have the following conditions:
is the commutator of varieties. Second formula confirms the "differential character" of the operator ω ′ . In the sequel we will give some other remarks and propositions concerning this theory.
Varieties of representations of associative algebras
In this section we consider some definitions and facts concerning varieties of representations of associative algebras. Here we rely on §14 of the book [25] since there is an essential connections of these facts with new results. Let K be an associative and commutative ring with unit, let A be an associative algebra over K and let V be a K-and A-module. Let (V, A) be a representation of the algebra A. We also can consider the category of representations of associative algebras over a fixed ring K and various algebras A. A variety Σ in this category can be defined as a class of representations of algebras closed under the subrepresentations, homomorphic images, Cartesian products and saturations. These operators are defined in the same way as for representations of groups (see section 2.1, 2.2). Similarly we can define the product of two representations of algebras over a fixed ring K (see section 2.3) and so we have the semigroup of representations of algebras M a = M a (K). Let Σ be a variety of associative K-algebras. Define a class of representations of algebras ωΣ as follows: We will prove that the class − → Y is a variety of algebras. Note that this fact makes difference between the cases of algebras and groups. It is known [25] that a class − → X of all groups admitting a faithful representation in the variety of representations of groups X constitutes a quasivariety of groups.
Let A be a K-algebra with unit and J be an ideal of K annihilating the K-module A. We can consider the algebra A as a K/J-algebra.
Let Y be a variety of representations of algebras over a ring K and let F be a free K-algebra with unit. Let I Y (F) ⊳ F be the ideal of identities of the variety Y. So the representation (F/I Y (F), F) is the free representation of the variety
We have the following We have the following Thus the map − → is a map from the set of all varieties of representations of algebras over K to the set of all varieties of algebras. This fact is not true for varieties of representations of groups and for varieties of representations of Lie algebras (see [25] ). But we can note that always there is the following property − → ωΣ = Σ (where Σ is a variety of groups, algebras or Lie algebras).
Let Σ be a variety of associative algebras over a ring K, let J be an ideal of K annihilating all algebras from the variety Σ. Denote by ω J Σ an intersection of the variety of representations ωΣ and the variety of all representations (V, A) such that the ideal J annihilates the module V . Then the following proposition holds: 
We consider two cases: V is a cyclic A-module and general case.
Let V be a cyclic A-module and let (V, A) be the faithful representation corresponding the representation (V, A). Then A ∈ − → Y. According to the lemma 3. We have the following Proof. From the propositions 3.4 and 3.5 follows that if K is a field then the maps ω and − → are mutually inverse. So the statement of the theorem is true. Now we give some remarks about identities of varieties of representations of algebras.
Let (V, A) be a faithful representation over a ring K from a variety Y, and let F be the free K-algebra. An element u ∈ F is an identity of the faithful representation (V, A) if and only if u is the identity of the algebra A.
Thus, if Y is a variety of representations of algebras over a ring K and Y = ω J Σ, where Σ = − → Y, then the ideal of identities of the variety Y is generated by the ideal of identities of the variety Σ and the elements λ · 1, where λ ∈ J.
Note that, if K is a field then the ideal of identities of a variety of representations of algebras Y coincides with the ideal of identities of the variety of algebras Σ = − → Y. Now let K be a field, let F be a free associative K-algebra of countable rank and let Σ be a class of associative K-algebras. Take u i ∈ F such that u i ≡ 0 are identities in all algebras from the class Σ. Then the elements u i form an ideal of the algebra F closed under all endomorphisms of F. This ideal is called a fully invariant ideal (or T-ideal) and moreover there is one-to-one correspondence between fully invariant ideals of the algebra F and varieties of associative algebras over a field K.
Let Σ 1 and Σ 2 be varieties of algebras over a field K, let I 1 and I 2 be fully invariant ideals (T-ideals) of the varieties Σ 1 and Σ 2 accordingly. Let consider varieties of representations of algebras ωΣ 1 and ωΣ 2 and their product ωΣ 1 ·ωΣ 2 . Let Σ = ω −1 (ωΣ 1 · ωΣ 2 ) and let I be an ideal of identities of the variety Σ. It is not difficult to check that I = I 2 · I 1 .
So the semigroup M a (K) of all varieties of representations of algebras over a given field K is anti-isomorphic to the semigroup of all T -ideals of the free K-algebra F. The well-known theorem of Bergman and Lewin [2] states that the semigroup of all T -ideals of F is a free semigroup. Note, that this theorem can be proved with a help of the construction of the triangular product (see section 2.3). In other words, if (V, G) is the faithful representation of group G corresponding to the representation (V, G) then the linear span of G in the algebra EndV is an algebra from the variety Σ.
We have the following Proof. Let (V, G) be a representation from the variety ηΣ and let (U, H) be a subrepresentation of (V, G). Then (U, KH) is a subrepresentation of (V, KG). The representation (V, KG) belongs to variety ωΣ, so (U, KH) also belongs to ωΣ. Hence (U, H) is a representation from the variety ηΣ. Thus the class ηΣ is closed under subrepresentations. In a similar way it can be proved that the class ηΣ is closed under homomorphic images. Now we prove that the class ηΣ is closed under saturations. Let (V, G) be a representation such that the faithful representation (V, G) belongs to ηΣ. Then (V, KG) lies in ωΣ and the faithful representations for (V, KG) and (V, KG) are isomorphic. So (V, KG) belongs to ωΣ and the representation (V, G) belongs to ηΣ.
It remains to prove that the class ηΣ is closed under Cartesian products. Let (V, G) be a Cartesian product of the representations (V i , G i ), i ∈ I, and (V i , G i ) ∈ ηΣ. Let (V, A) be a Cartesian product of the representations (V i , KG i ). For every projection π i : (V, G) → (V i , G i ) we have epimorphism ν i : (V, KG) → (V i , KG i ). All epimorphisms ν i can be extended up to homomorphism µ : (V, KG) → (V, A). Let µ(KG) = B ⊂ A. Since (V, A) ∈ ωΣ and (V, B) is a subrepresentation of (V, A) then (V, B) ∈ ωΣ. Hence (V, KG) ∈ ωΣ. Thus (V, G) ∈ ηΣ and the class ηΣ is a variety of representations of groups. Now we describe identities of the variety ηΣ. Let F be a free associative algebra over a field K and let F be a free group. Proof. Let v i be identities of the variety of associative algebras Σ, i ∈ I. The condition (V, G) ∈ ηΣ is equivalent to the following one: for any homomorphism µ : F → KG the elements µ(v i ) annihilate the module V . Using the remark above we have that the representation (V, G) belongs to ηΣ if and only if all v i are polynomial identities of (V, G).
Thus (V, G) ∈ ηΣ if and only if the images of all v i in the algebra KF are polynomials identities of the representation (V, G). These images generate the ideal I Σ (KF ). So the class ηΣ is determined by the identities from the ideal I Σ (KF ). Since this ideal is invariant under all endomorphisms of the group F then it contains all identities of the class ηΣ.
Remark. The verbal ideal I Σ (KF ) of the variety Σ is always invariant under all endomorphisms of the group F , but in this case it is also closed under all endomorphisms of the group algebra KF . However it can be shown that if an ideal in KF is closed under all endomorphisms of the group F this does not mean that this ideal is a homomorphic image of an ideal of identities for some variety of algebras.
Remind that M = M(K) is the semigroup of varieties of representations of groups and M a = M a (K) is the semigroup of all non-singular varieties of representations of associative algebras over a field K.
Let us consider a map 
and η ′ Y = ηΣ. Let I 1 and I 2 be T -ideals in F of the varieties Σ 1 and Σ 2 accordingly. Then I = I 2 I 1 is the T -ideal of the variety Σ. Since the algebra F and the group F have a countable rank then there is an epimorphism µ : F → KF and µ(I 1 ) = I Σ1 (KF ), µ(I 2 ) = I Σ2 (KF ), µ(I) = I Σ (KF ), moreover
The verbal ideal I Σ2 (KF ) · I Σ1 (KF ) determines the variety ηΣ 1 · ηΣ 2 . Since I Σ2 (KF ) · I Σ1 (KF ) = I Σ (KF ) then the variety ηΣ 1 · ηΣ 2 is determined by the ideal I Σ (KF ). Hence ηΣ 1 · ηΣ 2 = ηΣ.
We can give the following

Definition 4.6 A variety of representations of groups X is called a polynomial variety if there exists a variety of associative algebras Σ such that X = ηΣ.
Let us give some examples of polynomial varieties.
Examples.
1. Let Σ be the variety of all commutative algebras over a field K and let A be a variety of abelian groups. Then ωA = ηΣ.
Consider the variety (ωA)
n . Using the homomorphism η
(see section 2.3). A variety of algebras Σ 1 = ω −1 ((ωΣ) n ) is a variety of algebras with the nilpotent derived ideal of class n. Thus we have S n × A = ηΣ 1 . So the variety S n × A is polynomial. Remind that the variety S n is a variety generated by the representation (K n , U T n (K)), and the variety (ωA) n is generated by the representation (K n , T n (K)).
Proposition 4.5 implies:
Corollary 4.7 ([25]) All polynomial varieties of representations of groups constitute a subsemigroup in the semigroup M.
Remind that if K is a field then the semigroup M of all varieties of representations of groups is free. So we have the following
Problem 4.8 Is the semigroup of all polynomial varieties free?
To solve this problem we study some properties of polynomial varieties of representations of groups. In particular, we are looking for interesting examples of polynomial and non-polynomial varieties.
For any representation (V, G) the variety Var(V, G) is the variety generated by the representation (V, G). We denote by Var(V, G) the minimal polynomial variety which contains the representation (V, G), in other words the variety Var(V, G) is the minimal polynomial variety containing the variety Var(V, G). It is not difficult to see that Var(V, G) = ηΣ, where Σ = Var(KG) and KG = KG/Ker(V, KG).
For any variety of representations of groups X we denote by X the minimal polynomial variety containing the variety X.
Note 
We have the following equalities:
Along with the triangular product of representations of groups we can consider the triangular product of representations of algebras. It is known [8] that for varieties of representations of associative algebras over a field there is the following property:
We denote by K · 1 the group algebra over K of the trivial group. So we have
where A 1 is an algebra of matrices of the form K · 1 EndK 0 K · 1 and this algebra is not commutative. It is known [25] that a unitriangular product of representations of groups is faithful if and only if all factors are faithful. Since the representation (K, K · 1) is faithful then the representation (K 2 , A 1 ) is also faithful and we have
where Var(A 1 ) is not commutative variety. So we have that
We have following property for the variety S n .
Proposition 4.10 The variety of representations of groups S n is not a polynomial variety.
Proof.
To prove the proposition it is enough to show that the equality S n = ηΣ is impossible for any variety Σ. Assume that there is a variety of associative algebras Σ such that S n = ηΣ. The variety S n contains the representation (K n , G), where G = U T n (K) is the group of unitriangular matrices and the group G acts in a natural way on K n . The representation (K n , G) belongs to the variety ηΣ if the linear span G K of group G in the algebra End(K n ) = M n (K) is an algebra from the variety Σ. Note that the representation (K n , G) is faithful, so G = G. The algebra G K is an algebra of matrices of the form:
Let G 1 be a group of all invertible elements of the algebra G K . The group G 1 acts faithfully on the module K n and the linear span G 1 K of G 1 in the algebra End(K n ) coincides with G K which is an algebra from the variety Σ. So the representation (K n , G 1 ) belongs to the variety ηΣ = S n . But it is not true. Thus S n = ηΣ.
We have proved that S n is not a polynomial variety. From the proof of the proposition follows that the minimal polynomial variety which contains S n is the variety S n = ηΣ, where Σ is the variety of algebras generated by the algebra of matrices of the following from:
Remind that the variety ωA is a polynomial variety (see examples above) and ωA = ηΣ, where Σ is a variety of commutative algebras. Moreover, the minimal polynomial variety S which contains S coincides with ωA, that is S = ωA, since the variety S = Var(K, 1) and the algebra 1 K generates the variety of commutative algebras.
Let X be a variety of representations of groups over a field K. Let I X (KF ) ⊳ KF be the ideal of identities of the variety X and I X (KG) be the verbal ideal of the group algebra KG . Let Σ be a variety of associative algebras over a field K. In other words, the representation (V, G) belongs to Σ * X if and only if there is a right ideal J in the algebra KG such that (V, J) ∈ ωΣ and (KG/J, G) ∈ X.
We have Let N n be a variety of nilpotent algebras of nilpotency class n (that is N n is the variety satisfying the identity x 1 x 2 . . . x n = 0). Let X be a variety of representations of groups and let I X (KF ) be the ideal of identities for the variety X. We have the following Proposition 4.13 N n * X = X n .
A representation (V, G) belongs to the variety N n * X if and only if the algebra I X (KG) = I X (KG)/Ker(V, I X (KG)) is an algebra from the variety N n , that is I X (KG) n = 0. So for every v ∈ V we have v •
and v • I X (KG) n = 0 if and only if v • I X n (KG) = 0. So the representation (V, G) ∈ X n . Thus N n * X = X n .
Define a PI-variety of representations of groups
Definition 4.14 A variety of representations of groups X is called a PI-variety if every representation from X satisfies some non-trivial polynomial identity.
There is the following Proof. Let X be a variety generated by the representation (V, G) and let (V, G) satisfies a polynomial identity f . Let Σ be a variety of algebras determined by the identity f . Then (V, G) belongs to a variety ηΣ. Hence Var(V, G) = X is contained in the variety ηΣ. So all representations from X satisfy the polynomial identity f .
Corollary 4.16 ([25]) If X is a polynomial variety then there is a non-trivial polynomial identity such that all representations from X satisfy this identity.
Remark. Let F be a free associative algebra over a field K with free generates z 1 , z 2 , . . . and let F be a free group with free generates x 1 , x 2 , . . .. Now let f = f (z 1 , . . . , z n ) ∈ F be a multilinear polynomial. Consider a map F → F by the rule z i → x i . The polynomial f = f (z 1 , . . . z n ) is an identity of a representation (V, G) if and only if the representation (V, G) satisfies the identity
It is well known that every P I-algebra satisfies a multilinear identity. Hence every P I-variety of representations of groups satisfies some non-trivial multilinear identity. The remark above allows us to consider this identity as an element of the group algebra KF .
If K is a field of zero characteristic then every polynomial identity are equivalent to some multilinear identity. Thus every polynomial varieties of representations of groups over a field of zero characteristic can be determined by the multilinear identities.
General view on dimension subgroups
Recall that the classical dimension subgroup D n (Z, G) is a subgroup of the group G over Z is defined as follows: D n (Z, G) is the set of all elements g ∈ G such that (g − 1) belongs to the ideal (∆ G ) n ⊂ ZG, where ∆ G is the augmentation ideal of ZG. That is
The exposition of the classical dimension subgroup, various problems concerning dimension subgroups and book review are contained in the book of R. Mikhailov and I.B.S. Passi [16] . In particular, we would note the papers by W. Magnus [12] , O. Grün [6] , N. Gupta [7] , I.B.S. Passi [19] , E. Rips [26] , E. Witt [30] . We are interested to consider the dimension subgroup from more general point of view. Remind that the n-th power (∆ G ) n ⊂ KG of the augmentation ideal (∆ G ) is the ideal of identities of the variety of representations of groups S n . So this insight yields a new approach to dimension subgroups.
Dimension subgroup for a variety of representations of groups
Let X be a variety of representations of groups. We consider representations (V, G) of the group G contained in the variety X. We define a subgroup D X (G) of the group G as follows:
variety of representations of groups X is the intersection of kernels of all representations
Denote by − → X the class of groups admitting faithful representation in the variety X. This class is a quasi-variety of groups and the corresponding verbal subgroup coincides with the dimension subgroup. In particular, if K is a field of zero characteristic then − → S n is the quasi-variety of all torsion free nilpotent groups of the class (n − 1) [14] . For the quasi-variety − → S n there is also the problem of B. Plotkin [25] which asks: has the quasi-variety − → S n a finite basis of quasi-identities? For the quasi-variety − → S 4 this problem is solved by R. Mikhailov and I.B.S. Passi [17] (see also [16] ). They proved that this quasi-variety is not finitely based.
Let I X (KF ) be the ideal of identities of the group algebra KF for a variety X (here F is a free group) and let I X (KG) be the verbal ideal of KG for the variety X. The representation (KG/I X (KG), G) is the free representation of the group G in the variety X. The kernel of this representation is a normal subgroup H = (1 + I X (KG)) ∩ G consisting of all g ∈ G such that the element (g − 1) belongs to the ideal I X (KG).
We have the following proposition. 
Proof.
By the definition of D X (G) we have D X (G) ⊆ H, where H = (1 + I X (KG)) ∩ G is the kernel of the free representation (KG/I X (KG), G). We will show that H ⊆ D X (G).
Let (V, G) be a representation of the group G such that (V, G) ∈ X, let v be an element in V . The map g → v • g induces the homomorphism of modules: KG → V , and this homomorphism is permutable with the action of the group G. Since the ideal I X (KG) annihilates the module V then there is a homomorphism ν : KG/I X (KG) → V . Let g be an arbitrary element from the kernel H and let 1 = 1 + I X (G). Then for all v ∈ V we have:
So any element g ∈ H belongs to the kernel of the representation (V, G). It means that the kernel of the representation (KG/I X (KG), G) is contained in the kernel of every representation (V, G) form the variety X. Thus D X (G) coincides with the kernel of the free representation (KG/I X (KG), G).
Since the ideal (∆ G ) n is the ideal of identities of the variety S n the classical dimension subgroup D n (K, G) is the dimension subgroup of the group G for the variety X = S n , that is D n (K, G) = D S n (G). So we have that the classical dimension subgroup connects with the dimension subgroup for the variety of representations of groups S n . It is interesting to consider the following Problem 5.3 Describe the dimension subgroups for the polynomial varieties S n and ( S) n = (ωA) n , respectively.
We have a partial solution of this problem for the free group F and the variety S n , see Theorem 5.10 below.
Remind that the variety S n is the variety generated by the representation (K n , U T n (K)), and the variety ( S) n = (ωA) n is generated by the representation (K n , T n (K)).
In the section 5.3 we consider the concept of a dimension subgroup for variety of associative algebras and some relations between these subgroups.
Linearization of groups and P I-groups
5.2.1 Let A be an associative algebra with unit over a field K and let G be a group. For a given group G we consider the category of all K-linearizations of G over a field K. The objects of this category are linearizations ρ i : G → A i of the group G in the K-algebras A i . Let ρ 1 and ρ 2 be two linearizations of the group G in the algebras A 1 and A 2 , accordingly. Then there is a homomorphism µ of the algebra A 1 to the algebra A 2 such thaẗ¨¨B The linearization G → KG is faithful. In general case, if ρ : G → A is a linearization of a group G and G ρ = G/Kerρ then the linearization ρ :
If a linearization ρ : G → A is a faithful linearization then the group G can be considered as a subgroup of the group of invertible elements of the algebra A.
Let Σ be a non-trivial variety of associative algebras over a fixed field K. We will consider a linearization ρ : G → A, where A is a K-algebra from the variety Σ.
We also have the category of such linearizations and its initial object is a linearization ρ : G → KG/I Σ (KG), where I Σ (KG) is the verbal ideal in KG for the variety Σ. This linearization can be not faithful. In more detail we consider P I-group in [1] where we solve for these groups some Burnside-type problems.
Note that, if a group G admits a faithful linearization in an algebra A from a variety Σ then the linearization G → KG/I Σ (KG) is also faithful.
Let us return to dimension subgroups.
Let ρ : G → A be a linearization of a group G in an algebra A from a variety Σ. In particular we can consider universal linearization G → KG/I Σ (KG), where I Σ (KG) is the verbal ideal in KG of the variety Σ. It is clear that the kernel of every homomorphism ρ : G → A contains the kernel of universal linarization. Observe that the kernel of the universal linarization is the set of all g ∈ G such that the element (g − 1) ∈ KG belongs to the ideal I Σ (KG). This kernel is denoted by D Σ (G). So we have
is called a dimension subgroup of the group G for the variety of algebras Σ.
Note that a group G is a P I-group with given variety Σ if and only if
Let D(Σ) be a class of all P I-groups with the given Σ. Here we have a theorem similar to the theorem for the varieties of representations of groups. The latter one states that a class of all groups G admitting a faithful representation (V, G) from some variety of representations of groups X forms a quasivariety of groups [25] .
Theorem 5.8 The class D(Σ) is a quasivariety of groups.
Proof. To prove the theorem it is sufficient to show [13] that the class D(Σ) contains the trivial group and is closed under subgroups and filtered products. It is obvious that for class D(Σ) first two conditions hold true. We need to prove that the class D(Σ) is closed under the filtered products.
Let I be a non-empty set, let D be a filter on the set I. Let G α be groups from the class D(Σ), let ϕ α : G α → A α be faithful linearizations of groups G α in the algebras A α from the variety Σ.
Let A = α A α be the Cartesian product of the algebras A α . Let A/J be the filtered product of these algebras, where J is the ideal of A such that
Since all A α are PI-algebras from the variety Σ then the algebra A and the algebra A/J belongs to the variety Σ.
Let G = α G α be the Cartesian product of the groups G α . Let G/H be the filtered product of the groups G α , where H is the subgroup of G such that
Consider the linearization ψ : G → A/J defined by the rule f → f ′ + J where f ′ (α) = ϕ α (f (α)) for all α ∈ J, f ∈ G. It is easy to see that ψ is a homomorphism.
Consider the kernel of the homomorphism ψ:
For any element g ∈ Ker(ψ) we have ψ(g)(α) = ϕ α (g(α)) + J(α) = 1(α) + J(α) = 1(α), so ϕ α (g(α)) = 1(α) and g ∈ H. Thus Ker(ψ) = H.
Then G/H ∼ = Im ψ ⊂ A/I and the group G/H admits the faithful linearization in the algebras from the variety Σ. Thus the class D(Σ) is closed under the filtered products.
So the class D(Σ) is a quasivariety. Remark. Remind that there is an equality S n × A = (ωA) n = ηΣ (see section 4), where A is the variety of abelian groups and Σ is the variety of associative algebras satisfying the identity
So, we have the following equality
n ) ∩ G is the dimension subgroup of a group G over a ring K, where ∆ G is the augmentation ideal of KG, and for every group G the dimension subgroup D n (K, G) coincides with the dimension subgroup D S n (G) for the variety of representations of groups S n . For a free group F we have the following 
Proof.
In the section 4 it was shown that S n = ηΣ, where Σ is a variety of algebras generated by the algebra of matrices of the following from:
and this algebra is the linear span G K of the group G = U T n (K) of unitriangular matrices in the algebra End(K n ). Let H = ( G K ) * be the group of invertible elements of the algebra G K , that is
The group H = UT n (K)·Z(T n (K)) = UT n (K)×Z(T n (K)), where Z(T n (K)) is the center of the group T n (K). The group UT n (K) is nilpotent of the nilpotency class (n − 1) and the group Z(T n (K)) is abelian hence the group H is nilpotent of the class (n − 1). Let F be a free group. Consider all possible homomorphisms of the group F to the group H. These homomorphisms induce homomorphisms of the group algebra KF to the group algebra KH = G K :
Let U i be the kernel of the homomorphism ψ i and let U = i U i be the intersection of kernels of all possible homomorphisms ψ i . So U is the set of all identities of the algebra G K in the algebra KF , in other words, U is the verbal ideal of the variety Σ in the group algebra KF :
Using the proposition 4.4 we have:
and then
. It is known a fundamental result that for a free group F there is the equality γ n (F ) = D n (Z, F ) [12] , [6] , [30] (see also [27] , [16] ). So for a field K of zero characteristic we have
Thus we have
On the other hand, S n ⊂ S n and then I g S n (KF ) ⊂ I S n (KF ), where I g S n (KF ) and I S n (KF ) are verbal ideals of KF for the varieties S n and S n , respectively. Hence
We have the following 
5.3.2
Let X = ηΣ be a polynomial variety of representations of groups. Assume that the identities of the variety Σ are known. Let G be a group, let KG be the group algebra of G and let I X (KG) be the verbal ideal of identities for the variety X in the algebra KG. Note that we have the equality I X (KG) = I Σ (KG), where I Σ (KG) is the verbal ideal of identities for the variety of algebras Σ in the algebra KG. The group G admits the representation ρ = (KG/I X (KG), G) from the variety X and the kernel of this representation is the dimension subgroup of G for the variety X, that is D X (G) = Kerρ = {g ∈ G | g − 1 ∈ I X (KG)}.
Moreover we have (see theorem 5.9):
Along with the representation ρ = (KG/I X (KG), G) we can consider the representation ρ 1 = (KG/I X (KG), KG). Since the representation ρ belongs to the variety X = ηΣ then the algebra KG = KG/Kerρ 1 ∼ = G is an algebra from the variety Σ, (where G is a linear span of the group G = G/Kerρ = G/D Σ (G) in the algebra End(KG/I X (KG)) ). Thus, G ⊂ KG.
We have the following Problem 5. 13 We know the identities of the algebra KG ∈ Σ. What can we say about the identities of the group G = G/D Σ (G)?
We have solution of this problem for the variety Σ of algebras with the nilpotent derived ideal.
Let N n−1 be the variety of nilpotent groups of class (n − 1), and let A be a variety of abelian groups. Proof. Let X = ηΣ. In the section 4 it was showed that ηΣ = S n × A = (ωA) n . Let G be a group and let V = KG/I Σ (KG) then there is the representation (V, G) from the variety X. Let G = G/D Σ (G). Since the representation (V, G) belongs to the variety X = S n × A then there is a normal subgroup H ⊳ G such that there is a representation (V, H) from the variety S n and the group G/H is abelian.
The representation (V, H) is faithful (as a subrepresentation of the faithful representation (V, G)) and it belongs to the variety S n , so according to the Kaloujnine's theorem [9] the group H is (n − 1)-nilpotent. Moreover G/H is abelian and the group G belongs to the variety N n−1 · A.
Let G = G/D Σ (G) be a group from the variety of groups Θ. Let B be the verbal subgroup of the group G for the variety Θ. Then G/B ∈ Θ and B ⊂ D Σ (G).
We can consider Proof. As it was noted above B ⊂ D Σ (G). We will show that D Σ (G) ⊂ B. Let G 1 = G/B. Since B ⊂ D Σ (G) and G/D Σ (G) ∈ N n−1 · A then the group G 1 ∈ N n−1 · A. So there is a normal subgroup G 2 ⊳ G 1 such that G 2 is (n − 1)-nilpotent and the group G 1 /G 2 is abelian. Since the group G 1 is torsion-free then the subgroup G 2 is also torsion-free and (n − 1)-nilpotent. According to the result of Maltsev [14] (see also [25] ) if K is a field of a characteristic zero then the class of all groups admitting a faithful representation in the variety S n coincides with the class N n−1,0 of all torsion-free nilpotent groups. So there is a K-module U such that the group G 2 admits a faithful representation (U, G 2 ) from the variety S n . So we have the group G 1 and the representation (U, G 2 ) of the subgroup G 2 of the group G 1 . Here we can use induced representations. Let U 1 = U ⊗ KG2 KG 1 , let (U 1 , G 1 ) be a representation induced by the representation (U, G 2 ). So for every u ∈ U 1 and every g ∈ G 1 we have
where u ∈ U , α i ∈ K, g i ∈ G 1 . Since the representation (U, G 2 ) is faithful the representation (U 1 , G 1 ) is also faithful. Let h ∈ G 2 then (U ⊗ KG2 KG 1 ) • h = (U • h) ⊗ KG2 KG 1 .
The group G 2 acts n-unitriangularly on U . Then G 2 acts n-unitriangularly on U ⊗ KG2 KG 1 and the representation (U 1 , G 2 ) belongs to the variety S n . Thus we have that the group G 1 has the normal subgroup G 2 such that G 1 /G 2 is abelian and (U 1 , G 2 ) ∈ S n , it means that the faithful representation (U 1 , G 1 ) belongs to the variety S n × A. With the representation (U 1 , G 1 ) = (U 1 , G/B) we consider the representation (U 1 , G). It belongs to the variety S n × A and the kernel of this representation is the subgroup B. Since D Σ (G) = D X (G) is the intersection of kernels of all representations of the group G from the variety X = ηΣ then D Σ (G) ⊂ B.
So we have proved that D Σ (G) = B.
Remind that the variety (ωA) n is generated by the representation (K n , T n (K)) and the variety S n is generated by the representation (K n , U T n (K)). So the classical dimension subgroup is related to the group of unitriangular matrices U T n (K) and dimension subgroup for the polynomial variety (ωA) n is related to the group of triangular matrices T n (K).
